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Relativistic effects in the thermodynamical properties of interacting par-
ticle systems are investigated within the framework of the relativistic direct
interaction theory in various forms of dynamics. In the front form of relativis-
tic dynamics an exactly solvable model of a one-dimensional hard spheres gas
is formulated and an equation of state and thermodynamical potentials for
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1 Introduction
The present status of the relativistic direct interaction theory [1, 2, 3, 4] enables us
to consider it as a natural basis for a consistent description of relativistic effects in
various physical systems on different levels: classical, quantum, or statistical ones.
The relativistic statistical mechanics of interacting particle systems is nowadays at
an early stage of its development, although the classical partition function of a rela-
tivistic ideal gas was calculated by Ju¨ttner in 1911. One cause of this was indicated
in report [5]. Ter Haar and Wergeland wrote: “At extremely high temperatures
relativistic effects may, of course, be important. Then, however, matter behaves as
a mixture of ideal gases and this limiting case poses no problem. By and large,
a relativistic theory of heat seems, therefore, to be of little practical importance”.
But the ‘practical importance’, being a very nonsmooth function on historical time,
cannot be considered as the main reason for theoretical investigation.
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Among various approaches to the relativistic direct interaction theory the single-
time Lagrangian formalism [1, 6, 7] seems to be the most convenient in the consider-
ation of the general problem of relativistic dynamics, as well as in the investigation
of various approximations. This formalism has been extended to an arbitrary form
of relativistic dynamics defined geometrically by means of space-like foliations of the
Minkowski space [8, 9]. Transition from the classical Lagrangian to the Hamilto-
nian description allows one to consider the relativistic effects in the statistical and
quantum mechanical properties of the particle systems.
The present paper is concerned with relativistic models of the equilibrium sta-
tistical mechanics. In Sec. 2, a brief introduction into the concept of the form of
relativistic dynamics is presented. Investigation of a classical and quantum relativis-
tic ideal gas by means of the front form of dynamics is outlined in Sec. 3. Relativistic
generalization of a one-dimensional gas of hard spheres is obtained in Sec. 4. This
gives an example of an exactly solvable model in the relativistic statistical mechan-
ics with a nontrivial particle interaction. Sec. 5 is devoted to the investigation of
the first quasirelativistic (post-Newtonian) approximation. In the instant form of
dynamics the weakly-relativistic corrections to the thermodynamical functions of
the dilute gas with short-range interactions are studied on the basis of the general
structure, to the order c−2, of the approximately relativistic Hamiltonian. As an
example, the relativistic correction to the Van der Waals equation to the order c−2
is obtained.
2 Forms of relativistic dynamics in the Lagran-
gian description of an interacting particle sys-
tem
Let us consider a dynamical system consisting of N interacting point particles. It
is convenient to describe the evolution of this system in the (n + 1)-dimensional
Minkowski space Mn+1 with coordinates x
µ, µ = 0, 1, . . . , n. We use the metric
‖ηµν‖ = diag(1,−1, · · · ,−1︸ ︷︷ ︸
n
). In applications we put n = 3 or n = 1. The motion of
the particles is described by the world lines
γa : R→Mn+1, τa 7→ xµa(τa); a = 1, . . . , N, (2.1)
being time-like one-dimensional unbounded submanifolds of the Minkowski space.
The relativistic freedom in the simultaneity definition makes possible different
three-dimensional descriptions of the relativistic particle motions. According to
Dirac [10, 11], they are called the forms of relativistic dynamics . Within the frame-
work of the single-time Lagrangian or Hamiltonian mechanics this concept may be
introduced in the following way [8, 7]. Let us consider foliation Σ of the Minkowski
space Mn+1 by the hypersurfaces
t = σ(x), t ∈ R, (2.2)
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with the next property: every hypersurface Σt = {x ∈ Mn+1 | σ(x) = t} must
intersect the world lines γa of all the particles in one and only one point
xa(t) = γa
⋂
Σt. (2.3)
This allows us to consider t as an evolution parameter of the system [8, 11]. In the
Poincare´-invariant theory, when we consider only time-like world lines, the hyper-
surfaces (2.2) must be space-like or isotropic:
ηµν(∂
µσ)(∂νσ) ≥ 0, (2.4)
where ∂µ = ∂/∂xµ. Then, we have ∂
0σ > 0, and the hypersurface equation (2.2) has
the solution x0 = ϕ(t,x), where x = (xi), i = 1, . . . , n. Therefore, the constraint
xa(t) ∈ Σt enables us to determine the zeroth component of xa(t) in terms of t and
xia(t). The parametric equations (2.1) of the world lines of the particles in the given
form of dynamics have the form:
x0 = ϕ(t,xa(t)) ≡ ϕa, xi = xia(t). (2.5)
The evolution of the system is determined by nN functions t 7→ xia(t). They
may be considered as representatives for the sections s : R → F, t 7→ (t, xia(t)) of
the trivial fibre bundle pi : F → R with nN -dimensional fibre space E = RnN . The
latter constitutes the configuration space of our system.
Three Dirac’s forms of relativistic dynamics correspond to the following hyper-
surfaces (2.2): x0 = ct (instant form), x0+ xn = ct (front form), and ηµνx
µxν = c2t2
(point form). Other examples for the case n = 3 may be found in [8].
In the relativistic Lagrangian mechanics the Lagrangian function L : J∞pi →
R is defined on the infinite order jet space of the fibre bundle pi : F → R with
the standard coordinates x
i(s)
a [12]. The values of these coordinates for the section
s : t 7→ (t, xia(t)) belonging to the corresponding equivalence class from J∞pi are
x
i(s)
a (t) = dsxia(t)/dt
s ≡ Dsxia, s = 0, 1, 2, . . ..
The free-particle system is determined in any form of dynamics by the Lagrangian
Lf : J
1pi → R depending on the first derivatives:
Lf =
∑
a
mac
√
(Dϕ(t,x))2 − v2a; via ≡ xi(1)a , (2.6)
ma being a rest mass of the particle. In the front form of dynamics it reads:
Lf =
∑
a
mac
2
√
1− (v2a1 + · · ·+ v2a(n−1))/c2 − 2van/c. (2.7)
In the general case the Poincare´-invariance conditions forbid the existence of
interaction Lagrangians which are defined on the jet-space Jrpi with some finite r
(for example, with r = 1). This leads to serious difficulties in physical interpretation
of the formalism, and, in fact, makes it impossible to obtain a closed form of the
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corresponding Hamiltonian functions which is necessary for the development of the
classical statistical mechanics [1, 7, 8]. This fact is the Lagrangian counterpart of
the famous no-interaction theorem in the Hamiltonian relativistic mechanics [13].
There are at least two possibilities to avoid this difficulty. The first is offered
by the front form of dynamics in the two-dimensional Minkowski space. In this
case there exists a wide class of interaction Lagrangians depending on the first
order derivatives [14]. This allows us to obtain corresponding Hamiltonian functions
by the standard Legendre transformation that preserves the physical meaning of
the position canonical coordinates. The second consists in the consideration of
the approximation in c−2 [1, 9, 15]. At least in the first order approximation we
may obtain the usual Lagrangian functions depending on the first order derivatives
[1]. Examples of using these possibilities in the investigation of relativistic effects
in models of the equilibrium statistical mechanics will be considered in the next
sections.
3 Relativistic ideal gas within the framework of
the front form of dynamics
As an illustrative example we shall consider here a description of the relativistic
ideal gas by means of the front form of dynamics. The Hamiltonian function of the
free N -particle system has the form:
H =
N∑
a=1
Ha(xa,pa) (3.1)
with
Ha = H0(p) = c
m2c2 + p2a
2pa3
. (3.2)
This Hamiltonian can be obtained from the Lagrangian (2.7) by the usual Legendre
application.
The n-dimensional coordinates xa cover the given region Ω ⊂ Rn with vol(Ω) =
V , and pa belongs to the region Π = {pa = (pa1, . . . , pan) ∈ Rn | pan > 0}.As it is
well known, all the information about thermodynamical properties of the system is
contained in the expression for the canonical partition function [16]:
ZN =
1
hnNN !
∫
e−βH
∏
a
dnxad
npa, (3.3)
where, as usual, β = (kT )−1 and the integration is performed over the phase space
P. In our case P = ΩN ×ΠN .Inserting (3.1) into Eq. (3.3) we obtain
ZN =
1
hnNN !
zN , (3.4)
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where
z =
∫
e−βHadnxad
npa. (3.5)
Substitution of the front form Hamiltonian (3.2) immediately yields
z = V
∞∫
0
dpne
− 1
2
βc
(
pn+
m2c2
pn
) n−1∏
k=1
∞∫
−∞
dpke
− βc
2pn
p2
k . (3.6)
Performing integration over pk and putting pn = mcα we have
z = V mc
(
2pim
β
)(n−1)/2 ∞∫
0
dαα(n−1)/2e−
βmc2
2 (α+
1
α). (3.7)
Using the integral representation of the Hankel function Kn(x) =
pii
2
einpi/2H
(1)
n (ix),
Kn(x) =
1
2
∞∫
0
dααn−1e−
x
2 (α+
1
α), x > 0, (3.8)
we obtain
z = 2Vmc
(
2pim
β
)(n−1)/2
K(n+1)/2(βmc
2). (3.9)
When n = 3, Eqs. (3.4) and (3.9) give well-known Ju¨ttner’s result:
ZN =
1
N !
[
4pim2cV
βh3
K2(βmc
2)
]N
, (3.10)
which is usually derived by means of the instant form Hamiltonian:
Ha = c
√
m2c2 + p2a. (3.11)
Using the asymptotical expansion
Kn(x) ≍
√
pi
2x
e−x
(
1 +
4n2 − 1
8x
+ . . .
)
, x→∞, (3.12)
we can obtain a weakly-relativistic correction to the nonrelativistic result:
ZN = Z
(0)
N e
−βNmc2
(
1 +
n(n+ 2)
8βmc2
)N
, (3.13)
where
Z
(0)id
N =
V Λ−nN
N !
, Λ ≡
√
βh2
2pim
. (3.14)
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The necessity for (rather trivial) renormalization of the nonrelativistic partition
function Z
(0)
N → Z(0)N e−βNmc
2
follows from the presence of the rest energy mc2 in the
relativistic Hamiltonians (3.2) or (3.11).
The obtained expressions can be useful for the treatment of the quantum rela-
tivistic ideal gas with generalized statistics of arbitrary order q. In this case it is
convenient to consider the grand partition function
Θ = Tre−β(H−µN) ≡ e−βΩ, (3.15)
where H and N represent the operators of energy and of particle number, respectively,
and µ denotes chemical potential [16].
Assuming that the maximum value of the occupation number in a given energy
state can be q, any integer greater than 1, and acting in a manner quite similar to
the nonrelativistic case (cf., for example, [17]), we obtain:
Ω = − gV
βhn
∫
dnp ln
(
1− e−β(q+1)(H0(p)−µ)
1− e−β(H0(p)−µ)
)
. (3.16)
Here g denotes degeneracy of the energy state with a given value of momentum p.
For structureless particles with the spin σ we have g = 2σ + 1.
Of course, care is needed in the replacement of the summation by the integration
over the momentum states, when q ∼ N , and, especially, if q →∞ (that corresponds
to the Bose–Einstein statistics). But this problem, connected with the Bose conden-
sation, is essential at a low temperature, β−1 << mc2, when relativistic correction
seems to be negligible. Then the standard thermodynamical relations lead to the
following expression for the pressure:
P = gβ−1h−n
∫
dnp
[
ln
(
1− λq+1e−β(q+1)H0(p))− ln (1− λe−βH0(p))] , (3.17)
where
λ = eβµ (3.18)
is the fugacity. The number density
1
v
=
N
V
=
∂P
∂µ
(3.19)
is given by
1
v
= gh−n
∫
dnp
[
λe−βH0(p)
1− λe−βH0(p) − (q + 1)
λq+1e−β(q+1)H0(p)
1− λq+1e−β(q+1)H0(p)
]
(3.20)
and the inner energy density u = U/V is found to be
u = gh−n
∫
dnpH0(p)
[
λe−βH0(p)
1− λe−βH0(p) − (q + 1)
λq+1e−β(q+1)H0(p)
1− λq+1e−β(q+1)H0(p)
]
. (3.21)
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Expanding the exponential functions into the series and using the denotation
φ(β) = gh−nz/V, (3.22)
where z is defined by Eq. (3.5), we have
βP =
∞∑
k=1
k−1
[
λkφ(βk)− λk(q+1)φ(β(q + 1)k)] (3.23)
and
1
v
=
∞∑
k=1
[
λkφ(βk)− (q + 1)λk(q+1)φ(β(q + 1)k)] . (3.24)
Keeping only the terms up to the second order in the density 1/v, we obtain an
equation of state of the form:
βP =
1
v
− 1
2v2
ηq
φ(2β)
φ(β)
, (3.25)
where
ηq =
{ −1, q = 1
1, q > 1.
(3.26)
Similarly, for the energy density with the same accuracy we have
u = −1
v
φ′(β)
φ(β)
+
1
2v2
ηq
φ(2β)φ′(β)− φ(β)φ′(2β)
φ(β)3
. (3.27)
Making use of the explicit expression for the φ function from (3.9) and (3.22), we
may find a relativistic equation of state at a high temperature up to the first order
in the degeneracy parameter
δ =
Λn
gv
. (3.28)
The equation is found to be
βP =
1
v
[
1− ηqδ
21+n/2
F (βmc2)
]
, (3.29)
where
F (x) =
√
pi
x
K(n+1)/2(2x)
K2(n+1)/2(x)
. (3.30)
Because F (x) → 1 as x → ∞, Eq. (3.29) agrees with the known nonrelativistic
results [16]. In a similar manner we may write relativistic virial expansions for other
thermodynamical functions of the quantum ideal gas, especially for the inner energy
and specific heat.
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4 Relativistic one-dimensional model of the hard
spheres gas
In the two-dimensional space-time M2, the front form of dynamics serves a wide
class of nontrivial interaction Hamiltonians in terms of the covariant canonical co-
ordinates.
The general form of a Hamiltonian function for a system of N identical particles
on the line I = {x ∈ R | 0 < x < A} described by the canonical coordinates xa and
momenta pa within the framework of the front form of dynamics is given by [10]:
H =
∑
a
H0(pa) +
∑∑
a<b
(pa + pb)V (rabpa, rabpb). (4.1)
Here
H0(p) =
1
2
(
p +
m2
p
)
, (4.2)
rab ≡ xa − xb, and V is an arbitrary function on the indicated arguments. In this
section we put c = 1. From the definition of the front form of dynamics it follows
that momenta pa belong to the positive semiaxis R+ = {x ∈ R | x > 0}:
pa > 0. (4.3)
For the convenience of the comparison with the corresponding nonrelativistic calcu-
lations we assume that function V has the form:
V = V (|qab|), (4.4)
where
qab = rab(pa + pb)ν
(
pa
pb
+
pb
pa
)
, (4.5)
and ν : R+ → R+ is some function which will be defined later.
Let us again consider the canonical partition function
ZN =
1
hNN !
∫
e−βH
∏
a
dxadpa, (4.6)
over the phase space P = IN × RN+ .
Since we are interested in the relativistic generalization of the hard spheres
model, we can choose interaction function (4.4) in the form
V (x) =
{
0, x > σ
∞, x < σ. (4.7)
We, therefore, find
e−βV (|qab|) =
{
1, |qab| > σ
0, |qab| < σ. (4.8)
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If we choose function ν(x) in such a way that for any a, b, c
if |qab| > σ and |qbc| > σ, then |qac| > σ, (4.9)
the partition function (4.6) can be written in the form:
ZN =
1
hNN !
∫ ∏
a
dµ(pa)
∫ ∏
a
dxa, (4.10)
where
dµ(p) = e−βH0(p)dp (4.11)
and coordinates xa must satisfy the restrictions
|rab| > σ
pa + pb
u
(
pa
pb
+
pb
pa
)
, u(x) ≡ 1
ν(x)
. (4.12)
Conditions (4.9) lead to the inequality
x
4
≤ u(x)
u(2)
≤ x+ 2
4
. (4.13)
In the following we shall choose the simplest solution of (4.13) which has the form
u(x) = C(x+ 2), (4.14)
such that
qab = C
−1rab
(
1
pa
+
1
pb
)−1
. (4.15)
Because in the nonrelativistic limit pa → m, the demand that qab → rab in this limit
fixes the value of the constant C:
C =
m
2
. (4.16)
Therefore, partition function (4.10) may be rewritten in the form:
ZN =
1
hN
∫ ( N∏
a=1
dµ(pa)dxa
)
N−1∏
a=1
θ
(
xa+1 − xa − mσ
2pa
− mσ
2pa+1
)
. (4.17)
The appearance of Heaviside θ functions is a consequence of conditions (4.12). Let
us perform in (4.17) a change of the variables (xa, pa) → (ya, pa), such that the
arguments of θ functions become ya+1 − ya. This gives
ya = xa − mσ
2
ϕa, (4.18)
where
ϕ1 = 0, ϕ2 =
1
p1
+
1
p2
, (4.19)
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and
ϕa =
1
p1
+ 2
a−1∑
b=2
1
pb
+
1
pa
, a > 2. (4.20)
As a consequence, we obtain
ZN(A, β) =
1
hNN !
∫ N∏
a=1
dµ(pa)θ
(
A− mσ
2
ϕN
)(
A− mσ
2
ϕN
)N
. (4.21)
Before performing an integration over momenta we consider the Laplace transfor-
mation of (4.21)
ZN(s, β) =
∞∫
0
dAe−sAZN(A, β)
=
1
hNsN+1
∫ N∏
a=1
dµ(pa) exp
(
−smσ
2
ϕN
)
. (4.22)
Using expressions (4.11) and (4.19), (4.20) we find
ZN(s, β) =
1
hNsN+1
z(β,M2)
2z(β,M1)
N−2. (4.23)
where
M21 = m
2 + 2s
mσ
β
, M22 = m
2 + s
mσ
β
, (4.24)
and
z(β,m) =
∞∫
0
dp exp
[
−1
2
β
(
p+
m2
p
)]
= 2mK1(βm). (4.25)
Next, we consider the grand partition function
Z(β, sλ) =
∑
N
λNZN(β, s). (4.26)
The summation over N is performed immediately giving
Z(β, s, λ) =
z2(βM2)
z2(βM1)
h
sh− λz(βM1) . (4.27)
The asymptotic behaviour of function Z(β,A) is determined by the singularity points
of function (4.27) which lie on the real axis for variable s. In our case there exists
only one such a point, s′ , that is the solution to the equation
s′h = λz(βM1(s
′)). (4.28)
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Specifically, we have for the pressure P = β−1s′ [18]. Using (4.24) and (3.18) we
obtain an expression for the chemical potential in terms of β and P :
µ(β, P ) = − 1
β
ln
z(βM)
hβP
, (4.29)
where
M2 = m2 + 2mσP. (4.30)
The standard thermodynamical relation [16]
dµ = −s˜dT + vdP, (4.31)
where s˜ = S/N and v = A/N , allows one to obtain the equation of state
v =
∂µ
∂P
=
1
βP
+
mσ
M
K0(βM)
K1(βM)
. (4.32)
It is convenient to represent this equation in the form:
v =
1
βP
+ σδ(β, P ), (4.33)
where
δ(β, P ) =
m
M
K0(βM)
K1(βM)
. (4.34)
From the inequality
Kn(x) > Km(x), if n > m, (4.35)
it follows that
0 < δ(β, P ) < 1. (4.36)
In the nonrelativistic approximation, when βm→∞, M → m, the asymptotical
expression (3.11) shows that δ → 1, and we obtain a well-known Tonks equation
[19]
v =
1
βP
+ σ. (4.37)
In the ultrarelativistic limit, when βm → 0, we have δ → 0 and arrive at the
state equation of the ideal gas. In the case of small σ (that corresponds to the linear
approximation in the interaction) we can replace function δ(β, P ) by its value δ0(β)
at σ → 0:
δ0 =
K0(βm)
K1(βm)
. (4.38)
This quantity gets an interesting interpretation after accounting that the mean value
of pn over the free-particle distribution defined by the Hamiltonian (4.2) is given by
〈pk〉0 =
∞∫
0
dppke−βH0(p)
/ ∞∫
0
dpe−βH0(p) = mk
Kn+1(βm)
K1(βm)
. (4.39)
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Then δ0(β) = m〈p−1〉0. Next, we can observe that in the front form of dynamics
we have for free particles p = mγ, where γ−1 =
√
1− 2v corresponds to the Lorentz
radical
√
1− v2. Therefore, in the linear approximation the state equation (4.33)
can be considered as a result of taking into account the well-known Lorentz spatial
contraction σ → σ〈γ−1〉0 in the nonrelativistic Tonks equation (4.37).
From the equation of state (4.32) we get immediately
∂v
∂P
= − 1
βP 2
− β
(mσ
M
)2 [
1− K
2
0(βM)
K21(βM)
]
. (4.40)
Then inequality (4.35) shows that the condition of thermodynamical stability(
∂v
∂P
)
T
< 0 (4.41)
is valid for equation (4.32) identically. Thus, the system does not have any phase
transition.
In a similar manner we may obtain explicit expressions for other thermodynam-
ical functions. For example, for entropy we have
s˜ = −
(
∂µ
∂T
)
P
= kβ2
∂µ
∂β
= k
{
ln
2MK1(βM)
hβP
+ 2 + βM
K0(βM)
K1(βM)
}
; (4.42)
the energy density is determined by
u˜ = µ+ T s˜− Pv = 1
β
+
m2 +mσP
M
K0(βM)
K1(βM)
. (4.43)
Specific heat cP can be directly obtained from (4.42) giving
cP = T
(
∂s˜
∂T
)
P
= −β
(
∂s˜
∂β
)
= k
{
2 + (βM)2
[
1− K0(βM)
2
K1(βM)2
− K0(βM)
βMK1(βM)2
]}
. (4.44)
Therefore, we have an exactly solvable example of a nontrivial particle interaction
in the relativistic statistical mechanics.
5 Weakly-relativistic corrections to the thermo-
dynamics of an interacting particle system
Here we shall consider a system ofN point-like particles with pairwise interactions at
the first post-Newtonian approximation. Let the nonrelativistic interaction potential
has the form:
U (0) =
∑∑
a<b
uab; uab = u(rab), rab ≡ |rab| ≡ |xa − xb|. (5.1)
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In that case the general form of the first post-Newtonian Lagrangian function is
given by [1]:
L =
∑
a
(
mav
2
a
2
+
mav
4
a
8c2
)
− U (0)
+
1
2c2
∑∑
a<b
(
va · vbuab − (rab · va)(rab · vb) 1
rab
duab
drab
)
+ c−2Φ (5.2)
with an arbitrary Galilei-invariant function Φ. We choose this function in the form
which is determined in terms of the nonrelativistic potential u(r):
Φ =


∑∑
a<b
(
Avabuab +B(rab · vab)

rab
duab
drab
)
, vab ≡ va − vb, (5.3)
with two arbitrary numerical coefficients, A and B. This structure of the post-
Newtonian Lagrangian is sufficient to cover a wide class of interactions including
those following from various field-theoretical considerations. For example, the values
A = σ2 − 1, B = 0 (5.4)
correspond to the interactions mediated by linear relativistic fields of spin σ. Partic-
ularly, σ = 1 and u(r) ∼ r−1 give the famous Darwin’s Lagrangian for electromag-
netic interactions. It is remarkable that expression (5.2) under (5.3) was derived by
Breit [20] as far back as 1937 with the aid of simple symmetry treatment.
For the system of identical particles the Hamiltonian which follows from the
above Lagrangian has the form:
H = H(0) + c−2H(1) +O(c−4), (5.5)
where H(0) is a nonrelativistic Hamiltonian,
H(0) =
∑
a
p2a
2m
+ U (0), (5.6)
and
H(1) = −
∑
a
p4a
8m3
− 1
2m2
∑∑
a<b
{[
(1− 2A)pa · pb + A(p2a + p2b)
]
uab
− [(1 + 2B)(rab · pa)(rab · pb)−B[(rab · pa)2 + (rab · pb)2]] 1
rab
duab
drab
}
. (5.7)
The canonical variables (xa,pa) are connected with the Lagrangian (xa,va) by the
standard Legendre transformation
pa =
∂L
∂va
, (5.8)
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considered to the order c−2. Inserting Hamiltonian (5.5) into expression (3.3) for
the classical partition function and expanding it to the c−2 terms, we get
ZN =
1
h3NN !
∫
e−βH
(0) (
1− βc−2H(1))∏
a
d3xad
3pa ≡ Z(0)N + c−2Z(1)N , (5.9)
where Z0N is a nonrelativistic partition function
Z0N = Z
(0)id
N Q, (5.10)
Q being a nonrelativistic configuration integral
Q = V −N
∫
e−βU
(0) (
1− βc−2H(1))∏
a
d3xa. (5.11)
The straightforward calculation gives first-order corrections to the nonrelativistic
partition function (5.10):
Z
(1)
N = Z
(0)
N
R
βm
; ZN = Z
(0)
N
(
1 +
R
βmc2
)
, (5.12)
where R is defined in terms of the configuration integral (5.11),
R =
15
8
N − 3
Q
(
Aβ
∂Q
∂β
+BV
∂Q
∂V
)
. (5.13)
In the absence of interaction, when Q = 1, the obtained expression agrees with
Eq. (3.13).
All thermodynamical properties of the system may be deduced from the free
energy:
F = −β−1 lnZ = F (0) − R
β2mc2
, (5.14)
where the corresponding nonrelativistic expression is given by
F (0) = −β−1 ln
[(
V Λ−3
)N Q
N !
]
. (5.15)
Eq. (5.14) can be rewritten in the form, which gives a first-order correction in terms
of the nonrelativistic free energy:
F = F (0) − 3
βmc2
[(
5
8
− 3A
2
+B
)
N
β
+ A
(
F (0) + β
∂F (0)
∂β
)
+BV
∂F (0)
∂V
]
. (5.16)
This formula may be also useful in the obtaining of weakly-relativistic corrections
to various phenomenological nonrelativistic results.
Let us consider corrections to the equation of state. In the nonrelativistic limit
it has the form:
P = −∂F
(0)
∂V
≡ g(0)(β, V ). (5.17)
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Then (5.16) gives a weakly-relativistic equation of state in the form
P = g(0)(β, V )− 3
βmc2
(
(A +B)g(0) + Aβ
∂g(0)
∂β
+BV
∂g(0)
∂V
)
, (5.18)
which is determined by the nonrelativistic form (5.17) and the two constants, A and
B.
As an example we can consider a well known Van der Waals equation
P =
N
β(V −Nb) −
N2a
V 2
(5.19)
with a pair of phenomenological constants, a and b. The corresponding weakly-
relativistic equation is
P =
N
β(V −Nb)
[
1 +
3NbB
βmc2(V −Nb)
]
− N
2a
V 2
[
1 +
3(B − A)
βmc2
]
. (5.20)
Up to the first order in c−2 it can be presented in the nonrelativistic form (5.19)
with constants a and b being replaced by the linear functions on temperature:
a 7→ a′ = a
(
1 + 3
B − A
βmc2
)
; b 7→ b′ = b
(
1 +
3B
βmc2
)
. (5.21)
Corrections to other thermodynamical functions and a wider discussion can be found
in Ref. [15].
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